Abstract: Imperfection sensitivity of large amplitude vibration of curved single-walled carbon nanotubes (SWCNTs) is considered in this study. The SWCNT is modeled as a Timoshenko nano-beam and its curved shape is included as an initial geometric imperfection term in the displacement field. Geometric nonlinearities of von Kármán type and nonlocal elasticity theory of Eringen are employed to derive governing equations of motion. Spatial discretization of governing equations and associated boundary conditions is performed using differential quadrature (DQ) method and the corresponding nonlinear eigenvalue problem is iteratively solved. Effects of amplitude and location of the geometric imperfection, and the nonlocal small-scale parameter on the nonlinear frequency for various boundary conditions are investigated. The results show that the geometric imperfection and non-locality play a significant role in the nonlinear vibration characteristics of curved SWCNTs.
Introduction
Nanostructures have attracted more attention in recent years due to their superior mechanical, electrical, and chemical characteristics [1] . These properties have led to widespread applications of these structures in nano-electro-mechanical-system (NEMS) devices. This growth in development and use of nanostructures necessitates designing, fabricating and characterizing their mechanical behavior. The literature reveals that carbon nanotubes (CNTs) have the potential to be used in these devices. Many of the NEMS devices like oscillators and mass measuring sensors use the vibration characteristics of the CNTs [2] [3] [4] . This has led to a remarkable number of studies conducted on the characterization of vibration behavior of CNTs [5] [6] [7] [8] [9] [10] . A review including modeling, simulation and application of vibration behavior of CNTs can be found in [11] .
Various methods are utilized to model and analyze the behavior of nano-beams. Among them, nonlocal elasticity of Eringen [12] , as a non-classical theory of elasticity which considers the scale effect, has been widely used for mathematical continuum modeling and analysis of bending, buckling and vibration of nanostructures. In this way, known classical theories of beams like Euler-Bernoulli where is the normal strain, and is the shear strain. Note that , represents differentiation with respect to x. Using the principle of virtual displacements [20] and taking into account geometric initial imperfection, the Euler-Lagrange equations for the beam are given by In Equation (3) a dot above each quantity represents temporal differentiation. and are externally applied distributed forces (per length unit) on the beam in the x-and z-directions, respectively. and are mass moments of inertia of the beam section given by By using Timoshenko beam theory, displacement components along x-and z-axes are given by u (x, z, t) = u 0 (x, t) + zφ (x, t) w (x, z, t) = w 0 (x, t) + w (x) (1) where u 0 (x, t) and w 0 (x, t) are longitudinal and transversal displacements of the straight beam axis, φ (x, t) , denotes rotation of the cross-section with respect to the straight beam axis and t represents time. For the case of large amplitude vibration, based on nonlinear strain-displacement relations of von Kármán type, the strain components at any point are expressed as [29] : 
where ε xx is the normal strain, and γ xz is the shear strain. Note that ,x represents differentiation with respect to x. Using the principle of virtual displacements [20] and taking into account geometric initial imperfection, the Euler-Lagrange equations for the beam are given by In Equation (3) a dot above each quantity represents temporal differentiation. f and q are externally applied distributed forces (per length unit) on the beam in the x-and z-directions, respectively. I 0 and I 2 are mass moments of inertia of the beam section given by
where ρ (x, z) is the beam material density. The resultant moment M, normal force N, and shear force Q can be calculated by integrating the corresponding axial (σ) and in-plane shear stress (τ) components on the cross-section area as
Nonlocal Theory of Nano-Beams
Based on Eringen's nonlocal elasticity theory, the state of stress at a point in a material is a function of strain field at every point in the continuum [12] . The integral form of the nonlocal theory that defines stress in each point in the material is stated as
where X is the location of the reference point and χ (|Y − X| , τ) is a function that imposes the effect of strain at point Y into the nonlocal constitutive equation. |Y − X| denotes the distance between two points and λ is the parameter for small-scale factor. S (Y) is the classical stress tensor that is related to local strain field for a Hookean solid using fourth-order elastic moduli tensor C (X) according to the following inner product operation of tensors
Equivalent differential form of Equation (7) can be represented by [20] :
where , is the beam material density. The resultant moment M, normal force N, and shear force Q can be calculated by integrating the corresponding axial and in-plane shear stress components on the cross-section area as (6)
where X is the location of the reference point and |Y X|, is a function that imposes the effect of strain at point Y into the nonlocal constitutive equation. |Y X| denotes the distance between two points and is the parameter for small-scale factor. S is the classical stress tensor that is related to local strain field for a Hookean solid using fourth-order elastic moduli tensor C according to the following inner product operation of tensors
where e is a material constant and a is an internal characteristic length [30] and is the Laplacian operator which is equal to / x for a one-dimensional case. Thus the nonlocal constitutive relations of a nano-beam can be written as
, G where E and G are the Young's modulus and shear modulus of the nano-beam, respectively.
Derivation of Nonlocal Governing Equations of Motion
Now, integrating Equation (10) on the cross-section area with the assumption of constant material properties and using Equations (2) and (6) for the definition of strain components and resultant forces, yields , ,
, ,
, , 
Nonlocal Theory of Nano-Beams
Derivation of Nonlocal Governing Equations of Motion
Now, integrating Equation (10) on the cross-section area with the assumption of constant material properties and using Equations (2) and (6) for the definition of strain components and resultant forces, yields ,
where e 0 is a material constant and a 0 is an internal characteristic length [30] and ∇ 2 is the Laplacian operator which is equal to d 2 /dx 2 for a one-dimensional case. Thus the nonlocal constitutive relations of a nano-beam can be written as
where E and G are the Young's modulus and shear modulus of the nano-beam, respectively.
Now, integrating Equation (10) on the cross-section area with the assumption of constant material properties and using Equations (2) and (6) for the definition of strain components and resultant forces, yields where I is the area moment of inertia of the beam cross-section I = A z 2 dA and K s is the shear correction factor. Substituting Equation (3) into Equation (11) and neglecting distributed external forces for the problem of free vibration, stress resultants can be obtained in terms of displacement components as:
Thus, the equations of motion for the nonlocal Timoshenko beam considering nonlinear strain-displacement relations and initial geometric imperfection can be obtained by back substitution of Equation (12) into Equation (3) .
where 
The following non-dimensional parameters are introduced to make equations of motion dimensionless:
Noting that now a dot superscript denotes differentiation with respect to non-dimensional time (t * ) and ,ξ represents differentiation with respect to non-dimensional parameter, ξ. µ is called the 
Clamped end:
Hinged end:
..
Differential Quadrature Solution Procedure
Application of the DQ method is suggested by many researchers for solving eigenvalue problems [31, 32] . Indeed, this approach is based on polynomial approximation of a function at any location in the domain. Then partial derivatives of that function with respect to a domain coordinate are approximated by weighted summation of its values at all selected discrete points in the domain.
Thus for the one-dimensional nano-beam considered here, displacement and rotation components and their nth derivatives may be approximated by [33] {u * , w
where R is the number of sampling grid points in the domain 0 ≤ ξ ≤ 1, L q (ξ) is the Lagrange interpolation polynomials and ,ξ n represents nth derivative with respect to ξ. The Chebyshev-Gauss-Lobatto grid points are used in this study and are given by [33] :
Recursive formula for weighting coefficients, C n pq , can be found in [33] . Introduction of DQ approximation of spatial derivatives of displacement and rotation components, Equations (20) and (21), into Equation (16) yields where Boundary conditions at the end points of a hinged-hinged beam can be implemented using discretization as
Considering the displacement vector of each grid point as
is possible to write Equation (23) in the following form
where [K] is the stiffness matrix that can be decomposed into linear and nonlinear parts
[M] is the mass matrix and {X}(= {d i } T , i = 1, · · · , R) is the generalized vector of displacement components. A harmonic motion {X} = { X}e iω * t * (where ω * = ωL √ I 0 /EA is the dimensionless frequency and ω is the vibration frequency of the nano-beam) is considered. By substitution of this expression for {X} in Equation (26) and using the decomposition of stiffness matrix, an eigenvalue equation will be obtained as
The iterative solution procedure to Equation (27) starts with ignoring the nonlinear part of the stiffness matrix and solving the corresponding linear eigenvalue problem. Thus it is possible to find eigenvalues and eigenvectors of each linear vibration mode. The vector of considered mode shape is appropriately scaled up in a way that the maximum component of lateral displacement is equal to a given dimensionless nonlinear vibration amplitude w * max . After that, using the modified eigenvector, the nonlinear part of stiffness matrix is calculated and a new eigenvalue problem is formed to solve for new eigenvalues and eigenvectors. The corresponding eigenvector of considered mode shape is again scaled up and the procedure continues until the relative difference between the eigenvalue of the current iteration and previous one is lower than a predefined value [34] .
Numerical Results and Discussions

Results Verification
In this section, the values of fundamental frequency obtained by the present method are compared to those available for various cases in the literature. The number of sampling grid points for all the numerical results presented herein and in the next section is set to R = 11, which is the minimum value obtained by performing convergence studies for nonlinear vibration of a nonlocal Timoshenko nano-beam. [36] and imperfection amplitude η, and nonlocal parameter µ, are set to zero. Close correlation between present iterative DQ approach and finite element method is achieved. To maintain the confidence in results obtained based on nonlocal constitutive equations, the dimensionless linear frequencies (ωl 2 ρA/EI 2 ) of a straight (η = 0) SWCNT are listed in Table 2 for different values of the nonlocal parameter, and various boundary conditions. For possibility of comparison, the SWCNT properties are chosen as follows: radius r = 0.339 nm, tube thickness h = 0.066 nm, Young's modulus E = 5.5 TPa, Poisson's ratio υ = 0.19, and shear correction factor K s = 0.563 [37] . As expected, increasing the nonlocal effect causes a decrease in dimensionless frequency. A noteworthy agreement is observed between the present results and those reported by Yang et al. [22] . Good agreement is observed between the results of current study and those by Wang et al. [37] . However, because they neglected the nonlocal terms in shearing force relation, the discrepancy between the results of two methods increases for higher values of nonlocal parameter. For the last verification case of the proposed method, Table 3 shows the linear and nonlinear dimensionless frequencies for a straight (η = 0) single-walled nanotube with r = 0.313 nm, L = 5 nm, E = 1.1556 TPa, υ = 0.19, h = 0.34 nm and K s = 0.563. Nonlocal parameter, µ, and nonlinear vibration amplitude, w * max , are set to 0.15 and 0.4, respectively. For both linear and nonlinear frequencies, good agreement exists between the results of current study and those reported in [22] . 
Geometric Imperfection Function
The following functional form of initial geometric imperfection is considered for the purpose of numerical computations:
elsewhere (28) where η is the dimensionless amplitude of geometrical imperfection. Figure 2 shows the schematic of the imperfection function considered in this study.
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where is the dimensionless amplitude of geometrical imperfection. Figure 2 shows the schematic of the imperfection function considered in this study. To be able to study the effects of location and extension of the geometric imperfection on the vibration characteristics of SWCNT, four cases as described in Figure 3 are considered. The "G" type represents a symmetrical full-length imperfection while the local imperfections with variable endpoint locations are denoted by "L1" to "L3" types. It is seen that the imperfection is exactly located at the center of SWCNT for L3 type while for the L1 type the imperfection is the closest case to the end. To be able to study the effects of location and extension of the geometric imperfection on the vibration characteristics of SWCNT, four cases as described in Figure 3 are considered. The "G" type represents a symmetrical full-length imperfection while the local imperfections with variable endpoint locations are denoted by "L 1 " to "L 3 " types. It is seen that the imperfection is exactly located at the center of SWCNT for L 3 type while for the L 1 type the imperfection is the closest case to the end.
Nonlinear Vibration of Curved SWCNTs
After verification of the formulation and solution procedure, in this section, the results for a SWCNT with Young's modulus of E = 1.1556 TPa and Poisson's ratio ν = 0.19 are presented. The geometrical properties are taken as: mean radius, r = 0.5 nm, thickness of the tube h = 0.3 nm and the total length, L = 5 nm unless otherwise specified. The magnitude of shear correction factor for a tubular cross-section is given by K s = 0.563 [22] . Global and local initial geometric imperfections are considered as discussed in Section 3.2 for clamp-clamp (C-C), clamp-hinged (C-H) and hinged-hinged (H-H) boundary conditions. Figure 4 demonstrates the nonlinear to linear frequency ratio (ω nl /ω l ) versus maximum nonlinear vibration amplitude w * max of a curved SWCNT with "G" type geometric imperfection with and without considering nonlocal parameter µ. Note that for all graphs, although ω nl is the nonlinear frequency of the perfect or imperfect SWCNT, ω l is the linear frequency of the perfect one. It can be observed that for perfect cases (η = 0), symmetry with respect to w * max = 0 exists. Thus the beam shows the same vibrational characteristics for positive and negative values of vibration amplitude. This is not the case for an imperfect beam as Figure 4 illustrates. It is mainly because the initial geometric imperfection is not generally symmetric with respect to x-axis which annihilates the symmetry of the problem. The nonlinear to linear frequency ratio increases while the vibration amplitude w * max is increased which is expected in large amplitude vibration of structures as a consequence of hard-spring behavior. Increasing nonlocal parameter µ causes a decrease in value of both linear and nonlinear frequencies. As Figure 4 indicates, the nonlinear to linear frequency ratio increases when the nonlocal parameter is increased, which means that this decrease in frequency value is more drastic for the linear frequency. It can also be observed that the rate of increase of frequency ratio is greater when a nonlocal parameter is present for both straight and curved SWCNTs.
To be able to study the effects of location and extension of the geometric imperfection on the vibration characteristics of SWCNT, four cases as described in Figure 3 are 
After verification of the formulation and solution procedure, in this section, the results for a SWCNT with Young's modulus of = 1.1556 TPa and Poisson's ratio = 0.19 are presented. The geometrical properties are taken as: mean radius, = 0.5 nm, thickness of the tube ℎ = 0.3 nm and the total length, = 5 nm unless otherwise specified. The magnitude of shear correction factor for a tubular cross-section is given by = 0.563 [22] . Global and local initial geometric imperfections are considered as discussed in Section 3.2 for clamp-clamp (C-C), clamp-hinged (C-H) and hingedhinged (H-H) boundary conditions. Figure 4 demonstrates the nonlinear to linear frequency ratio ( / ) versus maximum nonlinear vibration amplitude * of a curved SWCNT with "G" type geometric imperfection with and without considering nonlocal parameter μ. Note that for all graphs, although is the nonlinear frequency of the perfect or imperfect SWCNT, is the linear frequency of the perfect one. It can be observed that for perfect cases (η = 0), symmetry with respect to * = 0 exists. Thus the beam shows the same vibrational characteristics for positive and negative values of vibration amplitude. This is not the case for an imperfect beam as Figure 4 illustrates. It is mainly because the initial geometric imperfection is not generally symmetric with respect to x-axis which annihilates the symmetry of the problem. The nonlinear to linear frequency ratio increases while the vibration amplitude * is increased which is expected in large amplitude vibration of structures as a consequence of hard-spring behavior. Increasing nonlocal parameter μ causes a decrease in value of both linear and nonlinear frequencies. As Figure 4 indicates, the nonlinear to linear frequency ratio increases when the nonlocal parameter is increased, which means that this decrease in frequency value is more drastic for the linear frequency. It can also be observed that the rate of increase of frequency ratio is greater when a nonlocal parameter is present for both straight and curved SWCNTs. The influence of the location of geometric imperfection on the nonlinear frequency ratio of curved SWCNTs with µ = 0.1 is presented in Figure 5 for H-H and C-C boundary conditions. "L 1 ," "L 2 " and "L 3 " are local imperfections with maximum amplitude of η = 0.1. For all local imperfect cases, the hard-spring behavior is observed. It is seen that the local imperfection has the largest effect on the nonlinear frequency ratio when it is located in the center of the single-walled carbon nanotube (L 3 ) and its effect is decreased when the imperfection recedes from the center to the boundary (L 1 ).
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The influence of the location of geometric imperfection on the nonlinear frequency ratio of curved SWCNTs with μ = 0.1 is presented in Figure 5 for H-H and C-C boundary conditions. "L1," "L2" and "L3" are local imperfections with maximum amplitude of η = 0.1. For all local imperfect cases, the hard-spring behavior is observed. It is seen that the local imperfection has the largest effect on the nonlinear frequency ratio when it is located in the center of the single-walled carbon nanotube (L3) and its effect is decreased when the imperfection recedes from the center to the boundary (L1).
(a) (b) The influence of the location of geometric imperfection on the nonlinear frequency ratio of curved SWCNTs with μ = 0.1 is presented in Figure 5 for H-H and C-C boundary conditions. "L1," "L2" and "L3" are local imperfections with maximum amplitude of η = 0.1. For all local imperfect cases, the hard-spring behavior is observed. It is seen that the local imperfection has the largest effect on the nonlinear frequency ratio when it is located in the center of the single-walled carbon nanotube (L3) and its effect is decreased when the imperfection recedes from the center to the boundary (L1).
(a) (b) Figure 7 depicts imperfection sensitivity of the linear fundamental frequency of a H-H curved SWCNT with "G" type geometric imperfection for different values of nonlocal parameter µ. The imperfection sensitivity indicator is defined as [24] :
where ω per f ect and ω imper f ect are dimensionless fundamental linear frequencies of straight and curved SWCNTs, respectively. Indeed, imperfection sensitivity indicator, S w , presents the percent of changes in the linear frequency because of existence of imperfections. For a constant value of nonlocal parameter µ, it is obvious that the imperfection sensitivity, S w , increases as the imperfection amplitude η is increased. On the other hand, for a constant value of η, increasing the nonlocal parameter causes a decrease in imperfection sensitivity. It means that curved SWCNTs with higher value of nonlocal parameter µ are less sensitive to "G" type geometric imperfections. Besides, imperfection sensitivity indicator can demonstrate the quantity of error due to neglecting imperfections in modeling.
For instance, for all values of nonlocal parameter and η < 0.2, imperfection sensitivity and therefore the error of neglecting imperfection of curved SWCNTs is less than 2%.
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Conclusions
In the present study, based on the nonlocal theory of Eringen, nonlinear vibration of curved SWCNTs with various boundary conditions has been investigated through the DQ solution approach. Curved SWCNTs are considered as a Timoshenko beam model with global and local initial geometric imperfections. Numerical results for a curved SWCNT indicate that the value and the location of geometric imperfection have considerable effect on the linear and nonlinear vibration characteristics of curved nano-beams. Higher imperfection amplitudes clearly increase the vibration frequency of the nano-beam. Furthermore, centrally located geometric imperfections have the largest influence on increasing the frequency ratios of curved SWCNTs. On the other hand, a small-scale parameter may also increase or decrease the nonlinear frequency ratio and sensitivity indicator depending on the amplitude, type and location of the imperfection of the nano-beam. 
In the present study, based on the nonlocal theory of Eringen, nonlinear vibration of curved SWCNTs with various boundary conditions has been investigated through the DQ solution approach. Curved SWCNTs are considered as a Timoshenko beam model with global and local initial geometric imperfections. Numerical results for a curved SWCNT indicate that the value and the location of geometric imperfection have considerable effect on the linear and nonlinear vibration characteristics of curved nano-beams. Higher imperfection amplitudes clearly increase the vibration frequency of the nano-beam. Furthermore, centrally located geometric imperfections have the largest influence on increasing the frequency ratios of curved SWCNTs. On the other hand, a small-scale parameter may also increase or decrease the nonlinear frequency ratio and sensitivity indicator depending on the amplitude, type and location of the imperfection of the nano-beam.
